Recently, several studies of non-Hermitian Hamiltonians having PT symmetry have been conducted. Most striking about these complex Hamiltonians is how closely their properties resemble those of conventional Hermitian Hamiltonians. This paper presents further evidence of the similarity of these Hamiltonians to Hermitian Hamiltonians by examining the summation of the divergent weak-coupling perturbation series for the ground-state energy of the PT -symmetric Hamiltonian H = p 2 + 1 4
Introduction
Hamiltonians describing fundamental interactions traditionally possess two symmetries, the continuous symmetry of the proper Lorentz group and the discrete symmetry of Hermiticity. Lorentz invariance is a physical requirement. Hermiticity is a useful mathematical constraint that guarantees that the spectrum is real, although recent work shows that Hermiticity is only a sufficient condition and is not necessary for the reality of eigenvalues. From the assumptions of Lorentz invariance and positivity of the spectrum of the Hamiltonian one can prove the PCT theorem and thereby establish the physical symmetry of PCT invariance.
What happens if we impose only the more physical symmetries of Lorentz invariance and PCT invariance when we construct a Hamiltonian? The constraint of PCT invariance is weaker than Hermiticity, so Hamiltonians having this property need not be Hermitian. While it has not been proved, there is compelling analytical and numerical evidence supporting the conjecture that, except when PCT symmetry is spontaneously broken, the energy levels of such Hamiltonians are all real and positive [1, 2] . The reality and positivity of the spectrum is apparently a consequence of the PCT symmetry of H.
Many examples of PCT -symmetric Hamiltonians in quantum field theory have been studied [3] [4] [5] [6] [7] [8] . In quantum mechanics, where the C operator is unity, many examples of PT -symmetric Hamiltonians have also been studied [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . A simple example of such a quantum-mechanical Hamiltonian is H = p 2 + ix 3 . Hamiltonians such as this may be regarded as complex deformations of conventional Hermitian Hamiltonians. To understand this deformation we consider the Hamiltonian
where ǫ ≥ 0. When ǫ = 0, we have the conventional harmonic oscillator Hamiltonian, whose spectrum is real and positive. As ǫ increases from 0, the entire spectrum of the Hamiltonian smoothly deforms as a function of ǫ and remains real and positive for all positive values of ǫ. Thus, these theories are in effect the analytic continuation of conventional quantum mechanics into the complex plane. These non-Hermitian theories exhibit some remarkable properties. Most interesting is that the expectation value of the operator x in quantum mechanics (and of the field φ in quantum field theory) is nonzero when ǫ > 0. This is true even for the p 2 − x 4 Hamiltonian that one obtains at ǫ = 2 and it is also true for the −gφ 4 scalar quantum field theory. The −gφ 4 quantum field theory is particularly surprising because it has a positive real spectrum and exhibits a nonzero value of φ . In four-dimensional space-time it has a dimensionless coupling constant, is renormalizable, and is asymptotically free (and thus nontrivial). It may thus provide a useful setting to describe the Higgs particle [7] .
We are struck by the close similarity between the properties of non-Hermitian PTsymmetric quantum-mechanical Hamiltonians and conventional Hermitian Hamiltonians. Moreover, in mathematical terms, we are struck by the strong resemblance between selfadjoint Sturm-Liouville problems and these new complex Sturm-Liouville problems. The purpose of this paper is to present further evidence of this strong similarity by investigating various aspects of Padé summation and Padé prediction of the Rayleigh-Schrödinger perturbation series for the ground-state energy of the complex PT -symmetric Hamiltonian
Note that this Hamiltonian is PT symmetric because under parity reflection P : p → −p and P : x → −x and under time reversal, which is an antiunitary operation, T : p → −p, T : x → x, and T : i → −i. The large-order behavior of the divergent Rayleigh-Schrödinger perturbation series
for the ground-state energy eigenvalue of the Hamiltonian in (1) has already been examined in [20] , where the first 46 terms of the perturbation expansion had been generated using recursion formulas. It was observed there that the coefficients b n are all integers, that they alternate in sign, and that their magnitude grows rapidly with n. The first 10 coefficients are listed in Table 1 .
To calculate the coefficients b n we make the ansatz that the wave function is a formal series in powers of the coupling constant λ and that the coefficient of λ n has the form of a Gaussian exp(−x 2 /4) times a polynomial of degree 3n in the variable x. The eigenvalue E 0 (λ) automatically appears as a series in powers of λ 2 . Thus, for each additional coefficient in the series for E 0 it is necessary to calculate two orders in powers of λ for the wave function. In [20] it was pointed out that the Hamiltonian (1) describes a 0 + 1 dimensional φ 3 field theory and that φ 3 theories were the first quantum field theories in which the divergences of perturbation theory were studied [21] . Using the standard methods for determining the large-order behavior of perturbation theory [22, 23] it can be shown that the leading large-n behavior of the coefficients b n is given by the formula
This asymptotic behavior was verified numerically in [20] . There, it was also shown that the first correction term to this leading asymptotic behavior, which is proportional to 1/n, is negative. Although divergent, the series in (2) is Borel summable [24] [25] [26] [27] . If the factor of i were absent from the Hamiltonian (1), then the perturbation coefficients b n would not alternate in sign and the perturbation series would not be Borel summable. It is interesting that to derive the asymptotic formula in (3) one must use dispersionrelation techniques that rely on crucial assumptions about the analyticity of the function E 0 (λ). These assumptions are justified for the Hermitian Hamiltonian of the anharmonic oscillator [28, 29] ,
However, the validity of these assumptions is unproved for the non-PT -symmetric λx 3 oscillator.
The eigenvalues E(β) of the quartic anharmonic oscillator possess several other properties which closely resemble those of the eigenvalues E(λ) of the PT -symmetric Hamiltonian (1). For example, the ground-state energy eigenvalue E 0 (β) of the quartic anharmonic oscillator possesses a divergent weak-coupling perturbation expansion, which also diverges factorially [22, 30] :
A comparison of the large-order asymptotics (3) and (6) shows that the two perturbation expansions (2) and (5) possess the same rate of divergence if we choose
In view of these striking similarities between the ground-state eigenvalues E 0 (λ) and E 0 (β) it should be interesting to investigate what other similarities do exist. In particular, we are interested in similarities that could provide evidence that the Padé summation of the divergent perturbation series (2) for the ground-state energy of the PT -symmetric Hamiltonian (1) converges.
In the case of the ground-state energy shift ∆E 0 (β) of the quartic anharmonic oscillator, which is defined by
it was shown rigorously by Simon (Theorem IV.2.1 of [28] ) that the corresponding perturbation series is a Stieltjes series. This has some far-reaching consequences. In the case of Stieltjes series, Padé approximants possess a highly developed convergence theory, as we discuss in detail in Section 2. In particular, the Stieltjes nature of the perturbation series (5) guarantees that certain subsequences of the Padé table converge to a uniquely determined Stieltjes function. Although we cannot prove it rigorously, we believe that for the PT -symmetric Hamiltonian (1) the ground-state energy shift ∆E 0 (λ 2 ) defined by
in which E 0 is considered as a function of λ 2 , is also a Stieltjes function. This implies that the corresponding perturbation series is a Stieltjes series.
It is the intention of this article to provide numerical evidence supporting this conjecture. We do this by comparing Padé summations and Padé predictions (see [31] and references therein) of the perturbation expansions for the ground-state energy shift ∆E 0 (λ 2 ) and for the analogous ground-state energy shift ∆E 0 (β) of the quartic anharmonic oscillator.
Here, one might argue that one should also investigate the summation of the perturbation expansion for the ground-state energy shift ∆E 0 (λ 2 ) with the help of the sequence transformations that were described in Section 7 and 8 of [32] and which produced very good results in the case of the anharmonic oscillators [30, 33, 34] . However, the convergence theory of these sequence transformations, which in the case of power series also produce rational approximants, is still very much in its infancy and no theoretical results concerning the transformation of Stieltjes series are known so far. Consequently, we would only produce numbers without gaining any further mathematical insight.
In Section 2, we present the relevant details of Padé approximants, the computation of Padé approximants by means of Wynn's recursive epsilon algorithm [35] , and we discuss Stieltjes series and their associated Stieltjes functions. In Section 3, we show that the Padé summation of the perturbation expansions for ∆E 0 (λ 2 ) and ∆E 0 (β), respectively, produces results of identical quality if the two coupling constants λ and β satisfy (7) . In Section 4, we discuss the prediction of unknown perturbation coefficients with the help of Wynn's epsilon algorithm, and we show that the coefficients of the perturbation expansions for either ∆E 0 (λ 2 ) or ∆E 0 (β) can be predicted equally well. Finally, in Section 5 we give a brief summary. In recent years, Padé approximants have become the standard tool in theoretical physics to overcome problems with slowly convergent or divergent power series. Accordingly, there is a vast literature on the mathematical properties of Padé approximants as well as on their applications in theoretical physics. Any attempt to provide a reasonably complete bibliography would be beyond the scope of this article (see for example the extensive bibliography compiled by Brezinski [36] ). We just mention that the popularity of Padé approximants in theoretical physics can be traced back to a review by Baker [37] , that the first specialized monograph on Padé approximants is due to Baker [38] , and that currently the most complete source of information is the second edition of the monograph by Baker and Graves-Morris [39] . In addition to treatments in more mathematically oriented books on continued fractions and related topics [40] [41] [42] [43] , Padé approximants are also discussed in book on mathematical and theoretical physics, for example in Section 8 of the book by Bender and Orszag [26] , or in Part III of a book by Baker on critical phenomena [44] . Then, there is a book by Pozzi [45] on the use of Padé approximants in fluid dynamics. Finally, there is even a monograph [46] and two articles [47, 48] on the history of Padé approximants and related topics. A Padé approximant P l m (z) to a function f possessing a (formal) power series expansion
which may converge or diverge, is the ratio of two polynomials A l (z) and B m (z) of degrees l and m in z (p. 383 of [26] ):
An alternative notation for Padé approximants, which is used in the books by Baker and Graves-Morris [38, 39] , is P The coefficients a λ and b µ of the polynomials A l (z) and B m (z) in (11) are chosen in such a way that the Taylor expansion of f (z) and of its Padé approximant agree as far as possible:
This asymptotic error estimate leads to a system of linear equations by means of which the coefficients a 0 , a 1 , . . . , a l and b 1 , b 2 , . . . , b m in (11) can be computed [38, 39] . Moreover, several algorithms are known which permit a recursive computation of Padé approximants. A discussion of the merits and weaknesses of the various computational schemes can for instance be found in Section II.3 of the book by Cuyt and Wuytack [49] . Probably, the best known recursive algorithm for Padé approximants is Wynn's epsilon algorithm [35] :
A compact FORTRAN program for the epsilon algorithm as well as the underlying computational algorithm is described in Section 4.3 of [32] .
If the input data ε (n) 0 = s n of Wynn's epsilon algorithm are the partial sums
of the formal power series (10) according to ε
2k with even subscripts are Padé approximants to f (z) according to [35] 
The elements ε (n) 2k+1 with odd subscripts are only auxiliary quantities, which diverge if the whole transformation process converges.
The epsilon algorithm is a useful numerical algorithm that is applied successfully in a large variety of different fields. Accordingly, there is an extensive literature dealing with it. A fairly complete coverage of the older literature can be found in a book by Brezinski [50] . It may be interesting to note that the epsilon algorithm is not restricted to scalar sequences but can be generalized to cover vector sequences. A recent review of these developments can be found in [51] .
If one tries to sum a divergent power series by converting its partial sums (14) to Padé approximants, it is usually a good idea to use diagonal Padé approximants, whose numerator and denominator polynomials have equal degrees. If this is not possible one should use Padé approximants with numerator and denominator polynomials whose degrees differ as little as possible. If we use the epsilon algorithm for the computation of the Padé approximants, then (15) implies that we should use the elements of following staircase sequence in the Padé table as approximations to f (z) (see Eq. (4.3-7) of [32] ):
This staircase sequence exploits the available information optimally if the partial sums f n (z) with n ≥ 0 are computed successively and if, after the computation of each new partial sum, the element of the epsilon table with the highest possible even subscript is computed. With the help of the notation [[x] ] for the integral part of x, this staircase sequence can be written compactly as follows:
As remarked above, Padé approximants are now used almost routinely to overcome problems with slowly convergent or divergent power series. Hence, their practical usefulness is beyond question. However, from a theoretical point of view, the situation is not so good. So far, a completely satisfactory general convergence theory of Padé approximants for essentially arbitrary power series does not exist.
Nevertheless, there is a special class of series, the so-called Stieltjes series, which possess a highly developed and elegant convergence theory. In this section we will only discuss those properties of Stieltjes series and Stieltjes functions that are needed to provide numerical evidence that the perturbation expansion for the ground-state energy shift ∆E 0 (λ 2 ) of the complex PT -symmetric Hamiltonian (1), considered as a function of λ 2 , is a Stieltjes series. Detailed discussions of the properties of Stieltjes series and their special role in the theory of Padé approximants can be found in Section 8.6 of [26] or in Section 5 of [39] .
A function F (z) with z ∈ C is called a Stieltjes function if it can be expressed as a Stieltjes integral according to
Here, Φ(t) is a bounded, nondecreasing function taking infinitely many different values on 0 ≤ t < ∞. Moreover, the moment integrals
must be real and finite for all finite values of n. A Stieltjes function can be expressed by its corresponding Stieltjes series:
Whether this series converges or diverges depends on the behavior of the Stieltjes moments µ n as n → ∞.
In a typical Stieltjes summation problem, as it occurs in the context of divergent perturbation expansion, only the numerical values of a finite number of Stieltjes moments µ n are known. Thus, one has to find a way of constructing an approximation to the unknown Stieltjes function F (z) from a finite string of moments.
Of course, one would also like to have some theoretical evidence that F (z) exists and is uniquely determined by the Stieltjes moments {µ n } ∞ n=0 . Many necessary and sufficient conditions that guarantee this are known in literature. Unfortunately, it is by no means easy to apply them. For example, a necessary condition that the series (20) is indeed a Stieltjes series is that the Hankel determinants
are positive for all m, n ≥ 0 (see Theorem 5.1.2 on p. 197 of [39] ). Then, there is a sufficient criterion, the so-called Carleman condition (see p. 410 of [26] or pp. 239 -240 of [39] ), which requires that the series ∞ j=1 (µ j ) −1/(2j) diverges and thus limits the admissible growth of the moments µ n as n → ∞ [52] . If the condition D(m, n) > 0 on the determinants as well as the Carleman condition are both satisfied, then the Padé approximants P m+j m (z) constructed from the partial sums of the moment expansion (20) converge for every j ≥ −1 to the corresponding Stieltjes function F (z) as m → ∞ (see for example Theorem 5.5.1 on p. 240 of [39] ).
If only a finite number of moments are known, it is impossible to prove that D(m, n) > 0 holds for all m, n ≥ 0, and it is also not possible to prove rigorously that the Carleman condition is satisfied, although we would like to emphasize that the large-order formula (3), which was verified numerically in [20] , is in agreement with the Carleman condition.
Therefore, we prefer an indirect approach in order to provide evidence that the perturbation series for the energy shift ∆E 0 (λ 2 ) of the PT -symmetric Hamiltonian (1) is indeed a Stieltjes series. For that purpose, let us assume that the moment expansion (20) , whose Stieltjes nature we want to establish, is a Stieltjes series. Padé approximants to Stieltjes series possess a highly developed convergence theory, and many conditions and inequalities are known that Padé approximants to a Stieltjes series must satisfy. For example, Padé approximants constructed from the partial sums
of the moment expansion (20) for a Stieltjes function F (z) satisfy for z > 0 the following inequalities (Theorem 15.2 on p. 215 of [38] ):
It follows from inequality (23) that the Padé sequence P m+j m
is increasing for z > 0 if j is odd, and it is decreasing if j is even. Moreover, if we set j = −1 in (24) and replace m by m + 1, we obtain the inequality
Thus, if we use Wynn's epsilon algorithm (13) to convert the partial sums (22) to Padé approximants and choose the approximants to F (z) according to (17) , then it follows from inequalities (25) and (26) that these Padé approximants satisfy the following inequality if the moment expansion (20) for F (z) is a Stieltjes series:
Thus, the approximants (17) produced by Wynn's epsilon algorithm yield for z > 0 two nesting sequences P If only the numerical values of a finite number of Stieltjes moments are available, then it is of course not possible to prove rigorously that the series under consideration is a Stieltjes series. Nevertheless, we can provide considerable evidence that this hypothesis is true if inequality (27) is valid in all cases that can be checked.
Summation Results
In this section we want to show that the Padé summation of the perturbation expansion
for the ground-state energy shift of the of the PT -symmetric Hamiltonian (1) and of the perturbation expansion
for the ground-state energy shift of the quartic anharmonic oscillator yield results of virtually identical quality if the two coupling constants λ and β satisfy (7). Moreover, we want to demonstrate numerically that inequality (27) , which is satisfied in the case of the Padé summation a Stieltjes series, is apparently also satisfied. In our summation calculations, we used all coefficients b ν and B ν with 0 ≤ ν ≤ 193 which had been computed recursively.
In this article, we compute all Padé approximants with the help of Wynn's epsilon algorithm (13) . Thus, the partial sums
and
are used as input data for Wynn's epsilon algorithm according to ε
, respectively, and the approximations to the energy shifts are chosen according to (17) . Table 2 : Padé summation of the perturbation expansions (28) and (29) for the ground-state energy shifts ∆E 0 (λ 2 ) and ∆E 0 (β) with λ = 1/7 and β = 40/49, respectively. In Table 2 we present illustrative results of the Padé summation of the perturbation expansion (28) for the ground-state energy shift ∆E 0 (λ 2 ) with λ = 1/7 and of the perturbation expansion (29) for the ground-state energy shift ∆E 0 (β) with β = 40/49. Thus, the two coupling constants λ and β satisfy (7) . This implies that the two perturbation expansions, whose partial sums are displayed in columns 2 and 3, should show the same rate of divergence.
Here, we must remember that the larger-order estimates (3) and (6), respectively, imply that the partial sums (30) for the ground-state energy shift ∆E 0 (λ 2 ) of the PT -symmetric Hamiltonian (1) are for all n ≥ 0 at least one order of magnitude greater than the partial sums (31) for the ground-state energy shift ∆E 0 (β) of the quartic anharmonic oscillator. Otherwise, the observed rates of divergence in columns 2 and 3 are virtually identical.
Moreover, the Padé approximants in columns 4 and 5 apparently satisfy the inequality (27) , which holds if the series to be transformed is a Stieltjes series. If the index n in column 1 is even (n = 2m), then the diagonal Padé approximants P We have done analogous summation calculations also for many other values of the coupling constants λ and β. Of course, the performance of the Padé summations depend very much on the size of the coupling constants. For smaller values of λ and the corresponding β, convergence is better than in Table 2 , whereas for λ = 1 and β = 40 only the first digit of the summation results stabilize. For larger values of λ and β, Padé summation produces only relatively crude upper and lower bounds. However, to emphasize that the typical qualitative features of the summation results in Table 2 -the same rate of divergence of two perturbation series and the occurrence of strictly decreasing upper bounds P m m and strictly increasing lower bounds P m+1 m -were consistently observed in all cases considered. Thus, Wynn's epsilon algorithm is apparently unable to detect any substantial difference between the perturbation series (29) for ∆E 0 (β), whose Stieltjes nature was established rigorously by Simon (Theorem IV.2.1 of [28] ), and the perturbation series (28) for ∆E 0 (λ 2 ), whose Stieltjes nature we conjecture.
Padé Predictions
As shown by countless articles from all branches of physics, Padé approximants have become the standard tool to overcome problems with slowly convergent or divergent power series. However, Padé approximants have other useful features that are not as well known yet. For example, Padé approximants can be used to make predictions for higher-order series coefficients that were not used for the construction of the approximant.
On a heuristic level the prediction capability of Padé approximants, which was apparently first noted and used by Gilewicz [53] , can be explained quite easily. Let us assume that the partial sums (14) of the power series for some function f (z) are to be converted to Padé approximants. Then, the accuracy-through-order relationship (12) implies that a Padé approximant P l m (z) to f (z) can be expressed as the partial sum f l+m (z) from which it was constructed plus a term z l+m+1 R l m (z), which was generated by the transformation of the partial sum to the rational approximant:
Similarly, the power series (10) can be expressed as follows:
Let us now assume that the indices l and m so large that the Padé approximant P l m (z) provides a sufficiently accurate approximation to f (z). Then, the Padé transformation term R l m (z) must also provide a sufficiently accurate approximation to the truncation error F l+m+1 (z) of the power series. In general, we have no reason to assume that
might hold exactly for finite values of l and m. Consequently, Taylor expansions of R l m (z) and F l+m+1 (z), respectively, will in general produce different results. Nevertheless, the leading coefficients of the Taylor expansion for R l m (z) should in such a case provide sufficiently accurate approximations to the corresponding coefficients of the Taylor series for
It is important to note that this prediction capability of Padé approximants does not depend on the convergence of the power series expansions for R l m (z) and F l+m+1 (z), respectively, which was used implicitly in our heuristic reasoning given above. Padé approximants are able to make predictions about series coefficients even if the power series (10) for f as well as the power series expansions for R m l and F l+m+1 (z) are only asymptotic as z → 0. This fact explains why the prediction capability of Padé approximants can be so very useful in the case of violently divergent perturbation expansions (see [31, [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] and references therein).
Theoretically, very little is known about the prediction of series coefficients that were not used for the construction of the Padé approximant. A notable exception are again Stieltjes series for which inequalities are known.
Let us assume that the partial sums (22) of the moment expansion for some Stieltjes function F (z) are to be converted to Padé approximants. Such a Padé approximant P l m (z) possesses the following power series expansion:
In Theorem 5.2.7 on p. 220 of [39] it was shown that for all n ∈ N 0 and for all l ≥ m − 1 the coefficients µ 
This inequality can be used to analyze the Stieltjes nature of a moment expansion of the type of (20) . With the help of computer algebra systems like Maple or Mathematica it is possible to construct Padé approximants P l m (z) in an unspecified symbolic variable z, and this can even be done free of rounding errors if the coefficients of the series to be transformed are exact integers like the coefficients b n in (2) or exact rational numbers like the coefficients B n in (5). In the next step, a the leading part of a power series expansion of the Padé approximant must be constructed. The resulting series coefficients can then be compared with the corresponding coefficients of the moment expansion.
Again, this poses no principal problems for computer algebra systems like Maple and Mathematica. However, the accuracy-through-order relationship (12) implies that inequality (36) , which is to be checked, is by default satisfied for all indices n ≤ l + m, and only for n ≥ l + m + 1 we obtain useful information about the Stieltjes nature of the moment expansion, from which the Padé approximant was constructed. Thus, if l + m becomes large, the brute-force approach based on computer algebra systems becomes very demanding both with respect to computer time and memory because it requires both the symbolic construction of complicated Padé approximants and also symbolic differentiations of very high orders.
These computational problems can be simplified considerably with the help of a recently derived recursive scheme (Section 3 of [31] ) that permits a direct calculation of the transformation term R l m (z) in (32) if the corresponding Padé approximant P l m (z) can be computed with the help of Wynn's epsilon algorithm according to (15) ; that is, for Padé approximants of the type P k+n k (z) with k, n ∈ N 0 . It follows from the accuracy-through-order relationship (12) in combination with (15) that ε (n) 2k can be expressed as follows if the partial sums (14) of the power series for some function f (z) are used as input data for Wynn's epsilon algorithm (13) :
The quantities ϕ (n) 2k (z) can be computed with the help of the recursive scheme in Eq. (3.15) of [31] , which uses the coefficients γ n of the power series (10) for f (z) as input data, as follows:
where
The rational function ϕ (n) 2k (z) can be expressed as a power series in z according to
The coefficients g (n,2k) ν of this series expansion can be used to predict the coefficients γ n+2k+ν+1 with ν ≥ 0 of the power series expansion (10) for f (z) that were not used for the construction of either ε
Thus, we can compute the rational function ϕ (n) 2k with the help of the recursive scheme (38) in the case of the perturbation series (28) for ∆E 0 (λ 2 ) and (29) for ∆E 0 (β). In the case of the PT -symmetric perturbation series we obtain the expansion
and in the case of the perturbation series for the quartic anharmonic oscillator we obtain
The coefficients b (n,2k) ν and B
(n,2k) ν with ν ≥ 0 can be used to obtain predictions for the coefficients b n+2k+ν+2 and B n+2k+ν+2 , respectively, that were not used for the construction of the Padé approximants ε In Table 3 we compute the rational function ϕ (41) with ν ≥ 0 provide predictions to the coefficients b ν+68 of the perturbation series (28) . All calculations for Table 3 were done free of rounding errors using the exact rational arithmetics of Maple. Only in the final step the coefficients were converted to floating point numbers for the sake of readability. The results in Table 3 show that the expansion coefficients b (0,66) ν with ν ≥ 0 provide already remarkably accurate predictions to the corresponding coefficients b ν+68 . Moreover, the Stieltjes inequality (36) is satisfied in all cases.
In Table 4 we do the same calculations as in Table 3 , but this time for the groundstate energy shift ∆E 0 (β) of the quartic anharmonic oscillator. Thus, the expansion of the rational function ϕ Tables 3 and 4 shows that their qualitative features are identical. In this context it is quite remarkable that although the coefficients b n grow significantly more rapidly in magnitude than the coefficients B n , which follows from the large-order estimates (3) and (6), Padé prediction nevertheless yields results of virtually identical quality.
The Padé prediction of unknown series coefficients based on the recursive scheme (38) is certainly computationally simpler than the straightforward symbolic computation and expansion of Padé approximants. The rational function ϕ (n) 2k (z) has a simpler structure than ε (n) 2k = P k+n k (z), and the first n + 2k symbolic differentiations can be avoided. Nevertheless, the recursive symbolic computation of the rational function ϕ 2k (z). For that purpose, we have only to set z = 0 in (38) . This yields the following recursive scheme (Eq. (3.17) of [31] ):
The main advantage of this recursive scheme over the recursive scheme (38) , from which it was derived, is that it only involves numbers but no symbolic expressions. In Table 5 we present selected results for the Padé predictions of the first coefficients of the perturbation expansion (28) for ∆E 0 (λ 2 ) and (29) for ∆E 0 (β), which were not used in the Padé approximants ε
for 2 ≤ n ≤ 191. The first predictions
to B n+2 were computed with the help of the Table 5 : Relative errors R n and R n defined in (45) and (46) of the Padé predictions for the first coefficients of the perturbation series (28) and (29) recursive scheme (44) . For the sake of readability, we present in Table 5 only the relative errors
If the input data of the recursive scheme (44) are exact rational numbers as the coefficients b n or B n , then the predictions can be computed free of rounding errors. However, it turned out that that the predictions computed in this way were huge rational numbers which slowed down computation considerably. Therefore, we used the floating-point arithmetics of Maple with an accuracy of 600 decimal digits for the computation of results presented in Table 5 .
The results in Table 5 show that the first coefficients not used for the construction of the Padé approximants ε
can be predicted with remarkable accuracy by the recursive scheme (44) if n is sufficiently large. Moreover, the agreement of the relative errors R n and R n is stunning. However, for our purposes most important is the observation that all relative errors in Table 5 are negative which is in agreement with the Stieltjes inequality (36) .
Thus, the prediction results of this section show that there is no significant difference between the prediction of coefficients b n of the perturbation series (28) , whose Stieltjes nature we want to establish, and the prediction of the coefficients B n of the analogous quartic anharmonic oscillator perturbation series (29) , whose Stieltjes nature was established rigorously by Simon (Theorem IV.2.1 of [28] ). Accordingly, these results provide further numerical evidence that the perturbation series (28) for the ground-state energy shift ∆E 0 (λ 2 ) is indeed a Stieltjes series.
Summary and Conclusions
As shown by countless monographs or articles, the mathematical theory of the conventional Hermitian Hamiltonians of quantum mechanics is well established and has reached a high degree of sophistication. Moreover, the divergence and the summation of the perturbation expansions resulting from these Hamiltonians is also comparatively well understood, in particular in the case of the Padé summation of Stieltjes series. In contrast, the rigorous mathematical theory of non-Hermitian, PT -symmetric Hamiltonians is virtually nonexistent. It is not known whether divergent perturbation expansions resulting from such Hamiltonians can be summed to yield a uniquely determined result. Consequently, the best we can do for the moment is to perform numerical studies from which we can try to draw general qualitative conclusions.
The main intention of this paper is to provide numerical evidence that the perturbation series (28) for the ground-state energy shift ∆E 0 (λ 2 ) is a Stieltjes series, because this would guarantee that certain subsequences of the Padé table constructed from the partial sums of this perturbation series converge to a uniquely determined summation result, as discussed in Section 2.
If the Padé approximants are computed with the help of Wynn's recursive algorithm (13) according to (15) and (17) -as it is done in this paper -and if the series to be transformed is the moment expansion of a Stieltjes function, then the Padé approximants must satisfy inequality (27) . As shown in Table 2 , the Padé summation results for the perturbation series (28) for the ground-state energy shift ∆E 0 (λ 2 ) as well as for the analogous perturbation series (29) for the ground-state energy shift ∆E 0 (β) of the quartic anharmonic oscillator, which is known to be a Stieltjes series, satisfy this inequality. Moreover, the divergence of the two perturbation expansions (28) and (29) as well as as the convergence of their Padé summation results is virtually indistinguishable if the two coupling constants λ and β satisfy (7) .
If a Padé approximant P l m (z) constructed from the partial sums (22) of the moment expansion for a Stieltjes function F (z) is expanded in power series around z = 0 according to (35) , then this series must be strictly alternating for z > 0 just like the Stieltjes series for F (z). Moreover, the coefficients µ [l/m] n of this expansion are bounded in magnitude by the Stieltjes moments µ n according to the inequality (36) .
Thus, via the inequality (36) it can be checked whether a moment expansion of the type of (20) is a Stieltjes series. However, the accuracy-through-order relationship (12) implies that this inequality is by default satisfied for all indices n ≤ l + m, and only for n ≥ l + m + 1 do we obtain useful information. In particular for large values of l and m, the symbolic construction of Padé approximants and their subsequent expansion may become quite demanding both with respect to time and memory.
These computational problems can to some extent be overcome by expressing the Padé approximants P k+n k (z), that can be computed with the help of Wynn's epsilon algorithm, according to (37) by the partial sum from which it was constructed plus the transformation term z n+2k+1 ϕ (n) 2k (z). The quantities ϕ (n) 2k (z) can be computed recursively with the help of (38) , and their computation is less demanding than the recursive computation of the corresponding Padé approximants P k+n k (z). Moreover, the Taylor expansion of ϕ Tables 3 and 4 , we proceed as described above and confirm the validity of the Stieltjes inequality (36) in the case of the first 15 coefficients of the quantities ϕ (β), respectively. In this context, it is remarkable that the quality of the predictions is virtually indistinguishable although the coefficients b n of the PT -symmetric perturbation series grow much more rapidly than the coefficients B n for the quartic anharmonic oscillator.
For larger values of n and k the symbolic computation of the quantities ϕ (n) 2k (z) via the recursive scheme (38) becomes quite demanding. In such a case, it is much simpler to compute only the prediction for the first series coefficient not used for the computation of ϕ (n) 2k (z). This can be done with the help of the recursive scheme (44) . In Table 5 we show that all first predictions, which we can compute from the coefficients b ν and B ν with 1 ≤ ν ≤ 192, satisfy the Stieltjes inequality (36) . Moreover, the quality of the prediction results is again virtually identical.
We are of course aware that numerical results cannot replace rigorous mathematical proofs. Nevertheless, we believe that our numerical experiments are both interesting and useful, and that they provide considerable evidence that the perturbation series (28) for the ground-state energy shift ∆E 0 (λ 2 ) of the PT -symmetric Hamiltonian (1) is indeed a Stieltjes series, which would imply that the Padé summation of this divergent perturbation series converges.
